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Linear transformation

» Matrices represent linear transformations, A € R™*" represents a transformation
T:R" - R™.
y=T(x)=Ax, x€R"and y ¢ R™
» Consider a linear transformation 7' : R™ — R”.
In general, T scales and rotates the vector x to produce y.

2
e [SD) Axy = [2.5}
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Linear transformation

An easier way is to look at what happens to the standard basis {ei}?:l.
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Linear transformation in different basis

. . T
» Consider a basis V = {v;};"_; for R". Let x = [xl Ty ... xn] € R™ be the
representation of X in the standard basis.
Representation of x in V is,

n
T
Xy = vaivia Xy = [xvl Ty2 .- xvn]
i=1
> We can go back and forth between these two representations in the following way,
X =Vxy and xy = V_lx; where, V = [vl Vo o o... vn]

> When V is an orthonormal basis, then the algebra gets simpler,

x=Vxy and xy =V7'x
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Linear transformation in different basis

Consider a linear transformation T : R? — R? represented by the matrix A = {_3 ﬂ )

Consider a vector x = {_ﬂ . What is y = Ax?

2 1 3 5
r=a= [
. . 1] |2 9 . . .
Now, consider a basis V = 1l |4 for R®. The representation of x,y in V is,

oyl L[4 2 3] 114 _ 1728
S F N e I AR A N I

Now, if we apply the linear transformation 7" on xy will we get yy?

2 111[14] 1] 16
Axy = [—1 1] 6 [ 2| " 6 _—12} #yv

Representation of a linear transformation 7" is basis dependent!
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Similarity transformation

P Linear transformations represented in one basis represent a different
transformation in another basis. This issue can be addressed by keeping track of

the basis one is working in.
P> Let x,y be representations in the standard basis. Changing basis to V, gives us

Xv,Yv.
yy =V ly =V 1Ax = V1AVxy = Apxy

7/28
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Similarity transformation

» Linear transformations represented in one basis represent a different
transformation in another basis. This issue can be addressed by keeping track of

the basis one is working in.
P> Let x,y be representations in the standard basis. Changing basis to V, gives us

Xv,Yv.
yy =V ly =V 1Ax = V1AVxy = Apxy
L . : : : 2 1 1 2
e Check if this works with the example in the previous slide. A = {_1 1}; V = {—l 4}

Determine Ay and check that yy = Ay xy.
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Similarity transformation

» Linear transformations represented in one basis represent a different
transformation in another basis. This issue can be addressed by keeping track of
the basis one is working in.

P> Let x,y be representations in the standard basis. Changing basis to V, gives us

Xv,Yv.
yy =V ly =V 1Ax = V1AVxy = Apxy
L . : : : 2 1 1 2
e Check if this works with the example in the previous slide. A = {_1 1}; V = {_1 4}

Determine Ay and check that yy = Ay xy.

e A linear transformation 7" is represented as Ay in V. What is its representation in the

standard basis? E.g.: Ay = {_i a V = % {} ﬂ Determine A. If xy = [ Q]T.

What is yy and y?
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Similarity transformation

» Two matrices A, B € R™ "™ are called similar matrices, if there exists a
non-singular matrix Q, such that,

B=Q 'AQ

» The transformation represented by Q' AQ is called the similarity transformation.
» Similar matrices represent the same linear transformation in different basis.

» When Q is an orthogonal matrix, we have B = QT AQ.
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Complex Vectors and Matrices

1 Tr1 + JTi
i T2 Try + JTi2
» Similar to R"”, we can have C". x=| . | =
T, Trn + JTin
» Vector addition and scalar mulitplication are the same. The scalar is a complex

number.
> Additive identity, and scalar multiplication identity are the same. So is the
standard basis {e;};
» Linear independence: The set {v;};", with v; € C" is linearly independent, if
Yoicvi=0, = ¢=0,V1<i<n, ¢eC
Y1
> L oH S — — 1Y -
Inner product: x"y =[z; 7o ... T,) | | =X Ty

Un



Sivakumar Balasubramanian Linear Algebra and Random Processes/Eigenvalues and Eigenvectors 12/28

Complex Vectors and Matrices

| 2
>

Length: ||x||5 = x"x = 31, Ty = Y, ||

Orthogonality: x"y =0

Complex matrices have complex entries. A € C™*"™ such that

a;; €C, V1<i<m, 1<j<n

The transpose operation is generalized to conjugate transpose known as the
Hermitian. A¥ = A" .

The idea of symmetric matrices R™*"™ are now generalized to C"*" as A = A,
Such matrices are called Hermitian matrices.

Orthogonal matrices in the complex case are called Unitary matrices,
UlU=1 = U!'=U"
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Eigenvectors and Eigenvalues

» Any linear transformation represented by A € C™*" has vectors that satisfy the
following property,
Ax=)Xx, xeC" A\eC, x#0
where, A and x are called the eigenvalue and the associated eigenvector of A.
» Any such pair (A, x) is called the eigenpair of A.
» These are important for understanding and solving linear differential and
difference equations:
dx (t)
dt

= Ax(t) and x[n+1] = Ax|[n]

13/28



Sivakumar Balasubramanian Linear Algebra and Random Processes/Eigenvalues and Eigenvectors 14/28

Eigenvectors and Eigenvalues

2 1
1 4

Consider the differential equation, d’;(tt) =Ax(t) = {

} x (t). Let us assume that the

solution is of the form, x = e*%. Then we have,
d’ZTEt) =eMAx =eMAx = A% =%
21@17)\5%1:>2—>\ 1 1

1 4 §?2 o )\.72'2 1 4—A 332

where, X € N (A — AI).

This problem can be solved by, det (A — AI) = |A — M| =0

i

(2-N(A-XN)—-1=X-6A4+7=0 = A=3++2
A&:(3+x@)f< — &= [_Hﬂ} and AX:(S—\@)X — %= [—1—Vﬂ
1 1
<3+ ,[_1Tﬂ> and (3—\/57 [_1IJ§}) are the eigenpairs of A.

N
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Eigenvalues and Eigenvectors

» We can find the eigenpairs using the same approach for A € C"*",
det (A = AI)=0=p(N).

» p(A) is the characteristic polynomial of A, and p(\) = 0 is the characteristic
equation.

» The eigenvalues are the roots of the polynomial p (), and the x in
(A — M) x = 0 for the different As are the corresponding eigenvectors.

» The subspace spanned by x for a particular )\ is called the eigenspace.
> A has n eigenvalues, some of which can be complex, and some might be repeated.

» For a real matrix, all complex eigenvalues occur in conjugate pairs.
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Eigenvalues and Eigenvectors

» We can find the eigenpairs using the same approach for A € C"*",
det (A = AI)=0=p(N).

» p(A) is the characteristic polynomial of A, and p(\) = 0 is the characteristic
equation.

» The eigenvalues are the roots of the polynomial p (), and the x in
(A — M) x = 0 for the different As are the corresponding eigenvectors.

» The subspace spanned by x for a particular )\ is called the eigenspace.
> A has n eigenvalues, some of which can be complex, and some might be repeated.

» For a real matrix, all complex eigenvalues occur in conjugate pairs.

: . . : 2 1] |1 2 1
Compute the eigenpairs for the following matrices: {1 3} L) ﬂ {1 2]

[f ;] {o 2}
1 V3|2 0
2 2
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Diagonalization of a matrix

Often the right choice of basis can simplify an equation or the analysis of a problem.

For example,
The equation of the ellipse in standard

Xo basis is:

3$% + 3$§ - 2x1x2 =1

This has a much simpled representation in
the dashed coordinate frame.

4od 4203 =1

The use of similarity transformation to
simplify a matrix is at the heart of
diagonalization.
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Diagonalization of a matrix

> Consider a matrix A with n eigenpairs {(\;,x;)}; ;.

A[Xl X9 ... Xn]:[)\lxl )\2X2 )\nxn]
A0 ...0
0 A ... O
AX=X|. | =XA
0 0 ... A\

» If the eignevectors are linearly independent, then we have X TAX = A
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Diagonalization of a matrix

> Consider a matrix A with n eigenpairs {(\;,x;)}; ;.

A[Xl X9 ... Xn]:Ple )\2X2 )\nxn]
A0 ...0
0 A ... O
AX=X|. | =XA
0 0 ... A\

» If the eignevectors are linearly independent, then we have X TAX = A

° 1} Diagonalize this matrix. What does A

Let T : R? — R? represented by A = {2 7

do to x = [3 4}T?

19/28
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Diagonalization of a matrix

> Consider a matrix A with n eigenpairs {(\;,x;)}; ;.

A[Xl X9 ... Xn]:Ple )\2X2 )\nxn]
A0 ...0
0 A ... O
AX=X|. | =XA
0 0 ... A\

» If the eignevectors are linearly independent, then we have X TAX = A

° 1} Diagonalize this matrix. What does A

Let T : R? — R? represented by A = {2 7

do to x = [‘3 4}T?

3 -1
f— ?
What about A {_1 3] /



Sivakumar Balasubramanian Linear Algebra and Random Processes/Eigenvalues and Eigenvectors 21/28

Diagonalization of a matrix: Eigenpairs of special matrices

> A square matrices with a complete set of eigenvectors, i.e. a linearly independent
set of n eigenvectors, can be decomposed into the following,

A = XAX!

» When A € R™™" is symmetric, i.e. A = AT,
> All eigenvalues are real.
P> The matrix poses a complete set of eigenvectors, i.e. they form a linearly
independent set.
» The eigenvectors can be chosen to be orthogonal to each other. When the
eigenvalues are distinct, the eigenvectors are orthogonal. But when the eigenvalues
are not distinct, we can choose them to be orthogonal.

This gives us, A = AT = XAXT,
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Diagonalization of a matrix: Eigenpairs of special matrices

> A square matrices with a complete set of eigenvectors, i.e. a linearly independent
set of n eigenvectors, can be decomposed into the following,

A = XAX!

» When A € R™™" is symmetric, i.e. A = AT,
> All eigenvalues are real.

P> The matrix poses a complete set of eigenvectors, i.e. they form a linearly
independent set.

» The eigenvectors can be chosen to be orthogonal to each other. When the
eigenvalues are distinct, the eigenvectors are orthogonal. But when the eigenvalues
are not distinct, we can choose them to be orthogonal.

This gives us, A = AT = XAXT,
010
Diagonalize A= |1 0 O
0 0 1
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Diagonalization of a matrix

» A change of basis to X simplifies A to a diagonal matrix, the simplest possible
form.

» If a matrix A has n distinct eigenvalues, then A can always be diagonalized.

> When there are repeated eigenvalues, we might not always be able to diagonalize
a matrix. This happens when there aren't enough eigenvectors. These are called
defective matrices.

Algebraic multiplicity # Geometric multiplicity

where, algebraic multiplicity is the number of times the eigenvalue X is repeated,
and geometric multiplicity is dim N (A — AI).
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Diagonalization of a matrix

» A change of basis to X simplifies A to a diagonal matrix, the simplest possible
form.

» If a matrix A has n distinct eigenvalues, then A can always be diagonalized.

> When there are repeated eigenvalues, we might not always be able to diagonalize
a matrix. This happens when there aren't enough eigenvectors. These are called
defective matrices.

Algebraic multiplicity # Geometric multiplicity

where, algebraic multiplicity is the number of times the eigenvalue X is repeated,
and geometric multiplicity is dim N (A — AI).

Diagonalize A = Ll) ﬂ

24/28
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Jordan Form

» If A cannot be diagonalized, the next best thing is the Jordan form.
> Let A have eigenvalues (A1, A2, ... A\;). We can find a similarity transformation,

such that,
J (A1) 0 0
L 0 JA2) ... 0
A=PIJP ", J= i . .
0 0 oo I (M)

Each J (e) is associated with an eigenvalue and an
i tor, and is called a Jordan block, and has .
:}I]gee?;/:zncq or and Is cafled a Jordan block, and ha » J € C™*". r = the algebraic multiplicity of
the eigenvalue \;.

)(\)l ; ? 8 » 1 = the geometric multiplicity of the
! eigenvalue \; = dim N (A — \/I).
J(N) = 0 0 X\ 0

» A 1-by-1 Jordan block is simply [A;],
corresponding to a eigenvalue with an
associated eigenvector.

—_
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Jordan Form

A1 O 0
0 Ao 0
e Jordan form of a diagonalizable matrix A — J = ) .
: : . 0
0 0 ... A\,

LAM: Algebraic multiplicity
2GM: Geometric multiplicity
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Jordan Form

A1 0 L. 0
0 X ... 0
e Jordan form of a diagonalizable matrix A — J = ) o 0
0 0 ... A\,
—2
o)\:—Z(AMlzl,GM2:1),and/\:11(AM:2,GM:1)%J: 0
0

LAM: Algebraic multiplicity
2GM: Geometric multiplicity

27/28
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Jordan Form

M0 ... 0
0 X2 ... O
e Jordan form of a diagonalizable matrix A — J = . o 0
0 0 ... X\,
-2 0 0
eA=-2(AM'=1,GM?>=1),and A\=11 (AM =2, GM =1) =-J=| 0 11
0 0 11

o Write down the Jordan form.
AM=1(AM =2 GM =1)
Ao =11 (AM = 3, GM = 2)
A3 =0 (AM =3, GM =1)
Ay =-1(AM =2, GM = 2).

LAM: Algebraic multiplicity
2GM: Geometric multiplicity



